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Abstract—Radial curvature effects on axisymmetric free convection boundary-layer flow are investigated
for vertical cylinders and cones for some special non-uniform temperature differences between the surface
and the ambient fluid. The solution is given as a power series expansion, the first term being equal to the
solution to be found when no transverse curvature is involved. For a variety of Prandtl numbers numerical
integrations have been carried out. An interesting application is the determination of the surface tempera-
ture of a free-convection-cooled cylinder with constant heat flux through the surface. For the Prandtl
numbers considered, it turns out that the same heat flux induces a lower surface temperature on a cylinder

than on a flat plate.

NOMENCLATURE

dimensionless number ;

dimensionless number ;

specific heat at constant pressure
[J/kg°K];

dependent variable representing the
stream function ;

expansion coefficient ;

acceleration due to gravity [m/s?];
local Grashof number;

part of the surface temperature ;
thermal conductivity [J/ms°K];

some length (see definition x) [m];
exponent in surface temperature ;
constant having dimension of tempera-
ture [°K];

local Nusselt number ;

heat flux [J/m?s];

distance to the axis of symmetry [m];
radius of cylinder [m];

temperature [ °K];

temperature of the surface of the body

[°K];

T,

fe+H]

Y

ambient temperature [°K];
velocity component in
[m/s];

velocity component
[m/s];

longitudinal coordinate [m]};
dimensionless longitudinal coordinate,
(x/D);

coordinate in y-direction [m].

x-direction

in y-direction

Greek symbols

* Present address: Unsteady Aerodynamics Laboratory.
National Research Council, Ottawa, Ontario, Canada.

B, coefficient of thermal expansion [°K];

n, dimensionless coordinate ;

l, Sparrow-Gregg similarity variable;

N similarity variable for isothermal flat
plate;

o, angle between axis and tangent plane
to the surface;

¥,  stream function [m3/s];

v, kinematic viscosity [m?/s];

p,  density of the fluid [kg/m3];

o, Prandtl number;

g, dimensionless temperature ;

f,,  expansion coefficient;

g, expansion variable.

Subscripts
oo,  ambient conditions;
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f, expansion integer:

", wall conditions;
A prime denotes differentiation with
respect to #.

1. INTRODUCTION

THE INFLUENCE of radial curvature on axi-
symmetric boundary-layer flow has been in-
vestigated in many papers and in great detail.
If thermal effects are taken into account,
however, the bulk of these papers deals with
forced convection. Examples are the references
[t-5]. Only a few investigations concerning
this matter have been performed in the field of
free convection. Sparrow and Gregg [6] gave a
series solution for free convection boundary-
layer flow along a vertical cylinder with constant
surface temperature. This problem has also
been looked into by Hama and Christiaens [ 7].
Millsaps and Pohlhausen [8] and Yang [9]
showed the possibility of reducing the governing
partial differential equations to ordinary ones
in the case of a vertical cylinder with a surface
temperature varying linearly with the distance
from the leading edge. Other papers investigat-
ing free convection in axisymmetric flow did not
take the transverse curvature of the surface into
account [10-13].

In this paper, the influence of a small radius
of curvature (comparable with the thickness of
the boundary layer) on laminar free convection
boundary-layer flow will be treated more ex-
tensively than has been done to date. To this
end the two most simple bodies of small radii
of curvature, ie. (1) the thin cylinder, (2) the
slender cone, are singled out. The surface
temperatures to be allowed belong to a certain
class of non-linear functions of the longitudinal
coordinate x.

It is not possible here, as in many other
boundary-layer problems, to transform the
governing differential equations by using a
similarity variable only. An expansion variable
has to be introduced as well. The solution will
be given as a power expansion in this variable,
the coefficients being functions of a variable to
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be called “‘similar” for simplicity, although this
is not true in the proper sense of the word.

The first term of this expansion is, as expected,
the same as the solution one will have when no
transverse curvature is involved. So, in view of
the wall temperatures allowed. the flat plate
solution given by Sparrow and Gregg [14] and
by Finston [15] constitutes the first term of the
present solution for the cylinder. In the case of
the slender cone, the solution of Hering and
Grosh [13] will occur as the first term of the
series. In dealing with flow around cylinders
and cones, the present approach is inspired by
that of [14] and [13] respectively.

Equations and boundary conditions

In carrying out the analysis in this paper, the
condition be imposed that the temperature of
the body everywhere exceeds that of the ambient
fluid. As a consequence the flow will be in
upward direction. In other papers it has already
been argued that the reverse case is mathe-
matically the same [6, 14]. Furthermore the
assumption is maintained that all fluid proper-
ties be constant with the exception of those
causing the effect of buoyancy. This means the
retention of the effect of volumetric expansion
in the momentum equation, but the dropping
of it in the equation of continuity. Ostrach deals
thoroughly with these assumptions and their
limitations [16].

As is well known, the free convection bound-
ary-layer flow is governed by a set of three
partial differential equations. For axisymmetric
flow these are:

1. The equation of continuity
i) ]
. ~(rr) =0 |
7 ) + ay(rv) : (1)

2. The momentum equation

o v
“ax dy roy\ ay

+9B(T — T )cos ¢, (2)
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3. The energy equation

6_T + vaT ——:—k l6—(r 6~T> 3
ox dy pc,rdy\ dy/

The usual way of solving the equation of
continuity is the introduction of the stream
function y with

1oy

T rady’

The integration of the remaining equations

(2)and (3)for a general slender body of revolution

seems to be very difficult. To support this

statement, reference may be made to a paper of

Braun, Ostrach and Heighway [12] who tried to

specify bodies allowing for similarity solutions

in free convection boundary-layer flow. Al-
though they use the operator

62
dy

2
10 ( 0 )
rdy \ dy
in equations (2) and (3) as a simplification, their
work is of considerable complexity.

In other fields of boundary-layer flow trans-
formations for axisymmetric flow around a
general slender body have been given. Probstein
and Elliot [3] and Wei [5] give a general trans-
formation for forced convection flow along thin
axisymmetric bodies. In their analyses it turns
out however, that a ready solution can only be
obtained for some specific classes of bodies. The
reason for this is that the transformed equations
contain complicated coefficients, which are
functions of the original coordinates. Of the
specific class of bodies for which these co-
efficients are simple, only the cylinder and cone
are of practical importance. For reasons of
pragmatism we therefore investigate these bodies
directly.

It may be remembered that the phenomenon
just discussed also occurs in the transformation

u

__loy
T orox

(4)

instead of
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of Gortler, which leaves the Gortler principal
function in the transformed equation. This
function has to satisfy certain conditions to
allow a solution in series [17].

As far as the dynamic part of the problem is
concerned, three boundary conditions have to
be introduced: u = v = 0 at the surface of the
body and u = 0 at the outer edge of the bound-
ary layer (y - o). The temperature has to
satisfy two conditions. Obviously one of these
is T—> T, as y— o. The condition at the
surface of the body will be given as:

T, = T, + Nx™ h(x). (5)

Here h(x) is a function of the variable £(x) to be
defined in the next section. In view of the
method of solution developed in this paper
h(x) has to be a series expansion in ¢ of the
following kind

hx)=1+a,&+a*+.... (6)

2. CYLINDER
(a) Analysis
If y=r —ry, and ¢ = 0, the equations (1-3)
govern free convection past a vertical circular
cylinder (Fig. 1). Instead of the coordinates
x and r, two other coordinates will be used
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FIG. 1. Geometrical configuration for flow past cylinder.
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which are more suitable to obtain a solution.
Let these coordinates be:

y izm
¢ cry* s (7
r2 —r2
n=—= (8)
3

NP\?
C = (givz__) B (9)

Two reasons can be given to justify the choice
of n in equation (8). First, it is seen that the
boundary conditions at the surface of the
cylinder are satisfied for # = 0, while those at
the outer edge of the boundary layer correspond
with n — » (r —» »). This obviously is very
convenient from a mathematical point of view.
A second, and more important reason follows
from the asymptotic behaviour of y for ry —»

C m—1
lim n = im — {r +y}2 g A
ro—=>w ro— o 2rol‘ o 431
¢ m—1
-Tx =5 0

Sparrow and Gregg [ 14] have proved that free
convection past a non-isothermal vertical flat
plate having the temperature

T, =T, + N¥" (1n

can be described by using the similarity variable

m~— 1
cy B2
Sx ¢ (12)

U

Because of this, the asymptotic behaviour of »
as given in equation (10) is actually required
since on having r, approach infinity for a fixed
value of x and for a fixed wall-temperature the
flow along a vertical cylinder should more and
more resemble that along a flat plate. As
lim & = 0. the wall temperatures presented in

ro— X

equation (5) approach the temperatures (11)
considered by Sparrow and Gregg.
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The reason for introducing the second inde-
pendent variable & is closely related to the fact
that a boundary layer of free convection becomes
thinner as the temperature difference between
the wall and the ambient fluid grows. This can
be shown directly with the simple similarity
variable applying to the isothermal flat plate

gﬂ(Tw - To@) :
R ey

4yix (13)

If the temperature-difference T, — T,, becomes
larger, the outer edge of the boundary layer is
reached for a smaller value of y. This conclusion
is justified, since numerical calculations show
that the outer edge of the boundary layer is
reached with a high degree of accuracy for, say
#; = 10. An investigation of the more general
Sparrow -Gregg wall-temperatures [ 11] reveals
the same feature of the free convection boundary
layer.

Form > Othetemperature difference T,, — T,
grows in the downstream direction. On inspec-
tion of equation (12) it is seen, however, that
only for m > | the boundary layer becomes
thinner if x grows, ie. in the direction of the
growing temperature-differences. As an explana-
tion one naturally can say that a boundary
layer always tends to become thicker in down-
stream direction. The rate at which T, — T, has
to grow must be sufficiently large to curb this
tendency. Apparently for m > 1 this aim is
achieved. Accordingly, it may be expected that
for x - o2 and m> 1 the free convection
boundary layer along a vertical cylinder will
tend to that of Sparrow and Gregg, established
for the flat plate. This conclusion is based upon
the fact that the influence of radial curvature
disappears as the thickness of the boundary
layer approaches zero. For m < | the situation
is just reverse. The boundary-layer thickness is
zero at the leading edge and grows in down-
stream direction. Inspection of equation (7)
shows that ¢ tends to zero if x approaches the
region where the solution for the flat plate is
valid. As a regular perturbation of the flat plate
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solution will supply information about the
influence of radial curvature, it is clear that ¢
can be used as a perturbation variable. For
m > 1 ¢ vanishes in downstream direction,
while for m < 1, & is equal to zero at the leading
edge. For m = 1, £ is a constant which suggests
that a similarity solution can be found. Such a
solution has been presented already by Millsaps
and Pohlhausen [8].

The stream function y and the temperature T
are now expressed in & and # by introduction of
dimensionless functions

m+3

Yo=4dvrgex * (&), (14)
T =T, + N¥"0(& 7). (15)

Here the correspondence with the work of
Sparrow and Gregg is complete, apart from a
slight modification of the coefficient in equation
(14) and the fact that f and 6 depend on ¢ also.
The substitution of (7, 8, 14, 15) in the equations
(2) and (3) is an awkward and lengthy procedure,
of which no details will be given here. The

result is
3 2 2
ZC +3)f—f—2 +1)(%> +0
2 3
+€[€£+ 6{ (m—-1)
of & o alf)]
(5f7 onoe " oeapr)] =% U0
2
22 (m+3) f~——4 06{1

a0 320
we s G ron

of 96 of 80
X(l“_%a_nﬂ:()’ (17)

where o = (vpc,/k) is the Prandtl number. It is
casy to derive that the boundary conditions to
be imposed on f and 8 are

of

f—— 0, 0 = h(x)
on
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+ Y al at n=0,
n=90
Z—{’=0—»0 as n—> x. (18)

At first sight the transformation did not lead to
any simplifications, but a more careful observa-
tion of the system of equations (16) and (17)
with the conditions (18) shows that it is suited
to perturbation techniques. It may be expected
that the equations can be solved through
substitution of

fEn=3 fime, (19)
oEm =3 0me, (20)
in the equations (16) and (17). In fact on writing
£as
h\*x
¢ =2t <er) . 1)
where
Gr, = “ (22)

v

is the local Grashof number, it is seen that ¢
tends to zero as ry— oo for x constant. In this
case the contribution of the terms with f,(y) and
0,.(n) (n>0) to f(§ n) and B(& #) vanishes,
yielding

lim f(&,n) = fol@),

rg— oo
X const.

lim 6(E, ) = B,(7).

ro—* o
x const.

(23)

Insertion of (19) and (20) in (16) and (17)
renders as zeroth perturbation, the set of
ordinary differential equations found by
Sparrow and Gregg; this describes free convec-
tion along a vertical flat plate engendered by the
wall temperature of equation (5) with h = 1

o +(m+3)fof5—2(m+ 1)(fo)
+0,=0, =05 + (m + 3) fof

—dmfyf, =0.  (24)
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Furthermore it should be noted that the
expansion variable ¢ is proportional to the
inverse of the fourth root of the Grashof number.
If Gr, grows due to variatons of g, f or N, the
influence of radial curvature decreases. As x
occurs in & outside Gr,, a variation of this
variable can have different effects. However,
these have been discussed already. In view of the
fact that the function f, depends upon the
Prandt! number o, the effect of viscosity v on
the influence of radial curvature is twofold. An
example to be expounded in a later section
shows that the resultant effect is that the
influence of the transverse curvature is reduced
as v becomes smaller.

The functions of the first and higher perturba-
tions satisfy systems of two linear non-homo-
geneous differential equations. The non-homo-
geneous parts contain the functions of the
previous perturbations. Concerning this, refer-
ence may be made to a paper of Sparrow and
Gregg [6] where these authors elaborate the
case of a cylinder with a constant wall tempera-
ture.

(b) Heat transfer

The local heat transfer from the surface of the
cylinder to the fluid has to be derived from
Fourier’s law

oT
= —k (25
[ a}/:l ¥y=0 )
For the present problem this gives
_ keN mrt [ae]
= X (26)
1 I M=o

More generally, the local heat flux is repre-
sented by the dimensionless quantity

Nu, -1 , "
Gt T = — (4h%) Z 0, (0) & 27

where Nu, is the local Nusselt number
Nu, = —0 (28)

KT, — T.)

H. K. KUIKEN

(c) Applications

Out of the multitude of wall temperatures
represented by expression (5), the two most
important ones seem to be: (1) the constant
wall temperature; (2) the one giving rise to a
constant wall heat flux. The first case has
already been dealt with as a separate problem
by Sparrow and Gregg [6]. On taking m =0
and a, =0, the present analysis naturally
completely coincides with the one of these
authors. The second problem is still open for
thorough investigation. As far as the author is
aware of, no results of experimental work con-
cerning this matter have been published. Yet
the set-up of an experiment seems to be most
simple in the case of the constant wall heat flux.
One merely has to lead an electric current
through a vertical metallic constant-property
wire, suspended in some gas or liquid. For
comparison with future experiments, it therefore
seems reasonable to supply a large body of
theoretical results here.

Constant wall-heat flux. Though not totally
in conformity with the set-up of the present
investigations, where the surface-temperature is
a given quantity, the problem of constant wall-
heat flux quite well falls within the scope of these
investigations, as will be shown below. At the
root of this problem is the condition that g in
equation (25) be constant. From (20) and (26)
now easily can be derived (m = 0-2)

- —k('BNS> IAUTEY

Hence
6,0)=0 forn>0, (30)
= —k (953:‘;) 8, (0). 31)

Here it has to be mentioned that on account of
the fact that the wall temperature is unknown,
the constant N is also unknown. Solution of N
from (31) and substitution in (15) gives the wall
temperature induced on a cylinder by a constant
heat flux g
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_ 4v2q4x + ) s @ .
T, =T, + (W) (-6t 3. 6/0¢"

(32)

It can easily be proved that the system of
equations (24) is invariant under the transforma-
tion

folm) = 2folym);  Bo(m) = y*Bo(yn).  (33)

From (33) then follows by differentiation with
respect to n, elimination of y and for ¢ given

{=060)} ¥ 06(0) = { —B5(0)} ¥ B5(0). (34)

Consequently the constant (34) occurring in
equation (32) can be calculated by imposing
whatever boundary condition on 8, at n = 0.
Here this condition has been chosen to be
0,(0) = 1. For 8, (n > 0) the boundary condi-
tions at #n = 0 are naturally embodied in equa-
tion (30). The problem now is nearly completely
in accordance with the original set-up, the
difference lying in the fact that the constants
a, or h, instead of being known from the start,
have to be determined in such a way as to
ensure that 6,(0) =0 (n > 0). In Table 1 the

Table 1
o 400} 60 040) 6,0
07 2-068533 —0:570081 —0-29424 0-1063
1 1-872838 —0645490 —0-26064 0-0830
2 1-559112 -0811743 —0-20879 0-0529
3 1-408018 —-0922050 —0-18467 00413
4 1-312465 —1:006712 —016969 00348
5 1-244133 —1-076295 —0-15910 00306
7 1-149541 —1-188117 —0-14461 00253
10 —1-316415 —0-13096 00203

1-059004

results of a numerical integration have been
given for a variety of Prandtl numbers covering
ordinary liquids and gases. Of foremost interest
is the fact that for all Prandtl numbers the first
perturbation has negative sign, showing that the
temperature induced on a cylinder increases less
rapidly with x than that induced on a flat plate.
Here it has to be remembered that the equivalent
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flat plate problem is depicted by the first term
of the series.

Obviously this effect has to be explained by
considering that a cylinder is in much closer
contact with its environments (all-sided contact)
than a flat plate is.

It is interesting to investigate whether radial
curvature effects are decreased by variation of
the various parameters of the system. To that
end one may consider the ratio of the first and
zeroth perturbation of T,, — T, (32).

On deriving the correct representation of ¢
for the present case, one finds for this ratio:

6.0)¢ = 26,(0) (—4v20;,(0) kx)*. (35)

ro gBq

The conclusions to be given naturally are based
upon the consideration that a larger value of
equation (35) is equivalent with a greater
influence of radial curvature.

The way in which the influence of radial
curvature is affected by the different parameters
of the system, can be investigated best by
varying one of these parameters and leaving the
others constant. It is easily seen then from
equation (35) that through increasing r, g, f or
q or through decreasing x the radial curvature
is losing influence. For p, c, the investigation is
somewhat more complicated since these quanti-
ties appear implicitly in equation (35) through
¢ and thus through 0,(0){ —8,(0)}*. v and k
appear both implicitly and explicitly in (35).
Upon writing

vi6,(0) { — 0,(0)}*
k 4
_ (p_c;> 0,0 (-0}  (36)
and

0,(0) { -k (0)}*

(37

3(0)}*
c

it is understood that the effect of v and k can be
studied through variation of 4. Table 2 shows

= (vpe,* 6,(0) {—
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Table 2

. ) R AT
o B40) I —O0NF 0,00 [ —a2B0NF 6,0 {— = }
07 ~0262955 ~0227993  ~0:282398
1 ~0238791 ~0238791  —0238791
2 -0200259 ~0264243  ~0174336
3 —0181699 ~0281968  ~0145857
4 0169914 ~0295838  —0-128771
s —0161457 ~0307358  ~0-117021

7 0149684 ~0325998  —0101428
10 —0138359 ~0347542  —0087299

that increasing p or ¢, or decreasing k or v
diminishes the influence of radial curvature.

Numerical values of the dimensionless group
(27) can be calculated with the figures given in
Table 1.

In addition to the results of Table 1 con-
cerning heat transfer, it seems worthwhile to
plot temperature and velocity profiles. Graphs
of fo, f1. 5 O 6, and 8, are presented in
Figs. 2 and 3. Here the Prandtl number ¢ has
been taken equal to 0-7 (air). The functions f}
naturally are related to the longitudinal velocity
u which can be shown directly through sub-
stitution of (8) and (14) in equation (4). It is
interesting to study the influence of the higher
perturbations on the velocity and temperature

0:3f

02 fll
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profiles. To that end ¢f/dn and @ are shown in
the Figs. 4 and 5 for £ =0 and ¢ =02 If
attention is given first to the velocity profiles
{Fig. 4), it is seen that the maximum velocity
decreases as ¢ increases. This result has to be
expected on account of the fact that smaller
temperature differences give rise to smaller
velocities. For both the velocity and the tem-
perature layer, it is seen that these layers flatten
out less rapidly as & becomes larger.

It should be remarked that the same qualita-
tive features are exhibited for the other values
of the Prandtl number considered in this paper.

3. CONE

In case ¢ has a constant positive value less
than n/2 the equations (1), (2) and (3} govern
free convection along a vertical cone. In view of
the assumption about the temperature excess
at the wall, the vertex of the cone (x = 0), will be
pointed in downward direction (Fig. 6). In a
number of papers [ 10-13] free convection past
a cone has been studied already. Most ex-
tensively this has been done by Hering and
Grosh [13], who considered wall temperatures
as given in equation (5) with & = 1. These papers,
however, are based upon a momentum and
energy equation which do not involve curvature
terms. Cones for which ¢ is not small—the

-0:3

Fii. 2. Perturbations of the velocity-distribution for cylinder at uniform wall-heat flux
to = 071
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F1G. 3. Perturbations of the temperature-distribution for cylinder at uniform wall-
heat flux (6 = 0-7).
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F1G. 4. Velocity profiles for £ = 0 (solid) and & = 02 (dotted) for
cylinder at uniform wall-heat flux (¢ = 0-7).

exact determination of what actually is *“‘small”
should follow from the present analysis—the
neglect of these terms does not seriously affect
solution, apart from a small region near the
vertex of the cone. However, the equations used
here and in the papers just mentioned, can only
be applied to slender cones, because of the fact
that no buoyancy effect in the y-direction is
taken into account. For slender cones it may be
expected that the region of large transverse
curvature is extended. Using the full equations
(2) and (3) it will be endeavoured, through
applying a perturbation technique analogous
to that used for the cylinder, to find a solution
valid in a larger region than those discounting
curvature.

(a) Solution
Using the same arguments as were given for
the cylinder, the successive introduction of

2 _m+3

=—— x5 4, (38)
¢, tan ¢

_(y + xtan¢)> — x*tan? ¢
- &x? tan? ¢ > (39
b =dletangs  fGn, (40

with
3 3

¢ = <gﬂva2cos qS) (41)

can be proved to be justified.
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FIG. 5. Temperature profiles for & = 0 (solid) and & = 02
{dotted) for cylinder at uniform wall-heat flux (¢ = 0-7).

Anticipating already that & is destined to be
an expansion variable the role of ¢ becomes
clear. It turns out that £ grows as ¢ decreases.
On considering free convection of a gas (v ~
1073, B ~ 3i5) past a cone (with ¢ = 5°) having
a surface-temperature exceeding that of the
ambient gas by 30 degK, it follows that for
x = 1 &is 0(0-1). Hence the transverse curvature
effects are strong for a part of the cone which is
as longas 1 m!

On insertion of the equations (4, 15, 38-41) in
(2) and (3), the non-dimensional momentum-
energy equations are found to be

3 m+7 .0 m+1[0f\?
W*Tfaﬁ*—z“(éa e

?f m+3(6f o
“[”55“5’?‘* 7 \onanac

22
~war)| =0 @
100 m+7 00 af

;51?-'_ 4 fé;; ean

0 20\ m+3(af0
+‘f[ an T on? )+ 4 \onoc
of o0\] _

Substitution of the expansions (19) and (20} in
the equations (42) and (43) renders again an

H. K. KUIKEN

IGRAVITY

F1G. 6. Geometrical configuration for flow past cone.

infinite set of ordinary differential equations,
having the same features as those found for the
cylinder. The first set of two differential equa-
tions is the same as that of Hering and Grosh.
It is worthy noting that for m > —3, the ex-
pansion variable £ vanishes as x -» oc. This is in
conformity with the vanishing of the influence
of radial curvature in that direction and the
increasing of it on approaching the vertex.

(b) Heat transfer and results

Using the definitions (25) and (28) for the heat
transfer and the Nusselt number, it is easy to
derive the non-dimensional group

Nu,
Grt

Gr, is defined as being the expression of (22)
multiplied with cos ¢.

The analysis can be illustrated by comparing
its results with those of Hering and Grosh. For
the cone at constant temperature T, + N
(m =0, h = 1), the equations have been inte-
grated for ¢ = 07 and ¢ = 1 in order to have
an idea of the influence of the Prandtl number
{Table 3).

F=—h *29(0)5" (44)

Table 3
g 05(0) 9 (0) 5“:(0)
07 —0-451095 —0-20605 —0-0028
1 —(-510400 -0 70547

-0-0010
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Substitution of the figures of Table 3 in
equation (44) shows that the first perturbation
augments the heat transfer.

An investigation of an expression like (35)
will lead to the same conclusions about the
effect of the different fluid properties upon the
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influence ‘of radial curvature as were presented
for the cylinder. Finally, graphs of velocity and
temperature profiles are presented in the Figs.
7 and 8 In many respects, these graphs look
similar to those given for the cylinder with
uniform heat flux through the wall. A notable

—Qah

F16. 7. Perturbations of the velocity-distribution for cone at constant wall-temperature (¢ = 0-7).

F1G. 8. Perturbations of the temperature-distribution for cone at constant wall-temperature
(g =07).



1152

difference however is, that the first perturbation
of the velocity is not negative near n = 0, as is
the case with the cylinder. This fact is explained
in the concluding remarks.

4. CONCLUDING REMARKS

As to the possible values of the parameter m
occurring in the temperature distribution (5) the
following remark may be made. Numerical
calculations of Sparrow and Gregg concerning
free convection past a vertical plate under non-
uniform wall temperature conditions [14] show
that the set of equations (19) can be solved for
negative values of m. The range can be ex-
tended up to about m = — 1. For the zero order
equations of the cone, no information about
this is available, but it is anticipated that here an
analogous limit holds. Arguments for this may
be found in the well-known linear time-space
dependent heat-conduction problem (heat con-
duction in a rod). If, as a boundary condition,
it is imposed that T at some place varies
proportionally with t™ (¢ is the time) then m has
to be greater than — 1. The heat source must be
of limited strength.

The calculations of this paper have demon-
strated unambiguously that an increasing radial
curvature yields higher heat-transfer numbers.
For the cone at constant temperature, this was
directly evident. For the cylinder at constant
heat flux it became apparent through con-
sidering that a lower temperature was induced
on a cylinder than on a flat plate, by the same
heat flux. In papers considering forced flows
along slender bodies of revolution it has been
shown that the radial curvature tends to increase
the skin friction [1-5]. It is well-known, and it
can be derived easily for the present case, that
the skin friction is proportional to f"(&, 0). The
figures of Table 4 applying to the cone exhibit
clearly the behaviour of the skin friction just
mentioned. The figures of the cylinder, however,
seem to contradict it. Here the following ex-
planation has to be given. In free convection the
dynamic part of the problem is completely
dependent on the temperature difference with

H. K. KUIKEN

Table 4
4 f3l0) £10 30
cylinder at constant heat flux
07 0-642010 —0-08439 00316
1 0-607040 —0-06758 0-023t
2 0-539515 — 004449 0-0130
3 0-501085 —0-03507 0-0094
4 0-474541 -002970 00075
5 (-454433 —0-02613 0-0063
7 0-424990 —0-02158 0-0048
10 0-395030 —0-01766 0-0038
cone at constant temperature
0-7 0-819590 0-19314 —0-0509
—0-0374

1 0769427 0-16386

T, inasmuch as the driving force is pro-
portional with this difference. For the problem
of the cylinder at constant heat flux, it was seen
that the radial curvature diminishes the surface
temperature and thus, in a proportional way,
the driving force. Obviously there are two
tendencies concerning the skin friction counter-
acting each other in the problem of constant
heat flux. The figures of Table 4 show that the
effect in connection with the lower temperature
is stronger.
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Résumé—Les effets de courbure radiale sur la couche limite de convection naturelle avec symétrie de
révolution sont étudiés pour des cylindres verticaux et des cones dans le cas de certaines différences de
température non uniforme entre la surface et le fluide ambiant. On donne la solution sous forme d’un
développement en série de puissances, le premier terme étant égal 4 la solution qu’on trouve lorsqu’on ne
fait pas intervemir de courbure transversale. Des intégrations numériques ont été effectuées pour différents
nombres de Prandtl. Une application intéressante est la détermination de la température de la surface d’'un
cylindre refroidi par convection naturelle avec flux de chaleur constant A travers la surface. Pour les nombres
de Prandtl considérés, il se trouve que le méme flux de chaleur produit une température pariétale plus faible
sur un cylindre que sur une plaque.

Zusammenfassung—Einfliisse radialer Krimmung auf achssymmetriesche Grenzschichtstromungen auf
Grund freier Konvektion werden an senkrechten Zylindern und Kegeln untersucht fiir spezielle nicht-
einheitliche Temperaturdifferenzen zwischen Oberfliche und umgebendem Medium. Die Losung ist in
Form einer Potenzreihe angegeben, wobei der erste Ausdruck gleich ist dem der Lésung fiir den Fall, dass
keine Kriimmung in Querrichtung vorliegt. Fiir eine Reihe von Prandtl-Zahlen wurden numerische Inte-
grationen durchgefiihrt. Eine interessante Anwendung stellt die Bestimmung der Oberflichentemperatur
eines durch freie Konvektion gekiihlten Zylinders dar bei konstantem Wirmestrom durch die Oberfliche.
Es zeigt sich, dass im Bereich der untersuchten Prandtl-Zahlen bei gleichem Wiarmestrom, am Zylinder eine
geringere Oberflichentemperatur auftritt als an einer ebenen Platte.

Annoranma—Vccnenyercs BIAMAHME pPaJMAJIbHON KPUBHBHH HA OCECHMMMETDUYHHIA ImOr-
PAHMYHHEA cJ0# Npu CBOOOJIHOM KOHBEKLMM NPN OOTEKAHWN BEPTHHAJILHEIX HUIMHEPOB U
KOHYCOB UIfl HEKOTOPBIX YaCTHHX CJIy4aeB HePABHOMEDHO! pAa3HOCTH TeMIeparyp
NOBEPXHOCTH M OKpyssalolleit cpefn. PelleHne [JaeTcA B BHjle CTENEHHOrO DAAA. NEPBHH
4JleH KOTOPOTO FABJAETCA pelleHUeM JJIA CaIy4as OTCYTCTBUA MONEPEYHON KPUBUSHHL,
IIpoBefeno 4MCiIeHHOe MHTETpHpoBaHMe A pAga uucen Ilpanmria. WurepecHmM mnpak-
THYECKMM CJyYaeM ABJIACTCA ONpeJesieHMe IOBEPXHOCTHON TeMIlepaTyphl LUIMHApPA,
OXJIZMAAEMOT0 CBOOONHON KOHBeKIMe#t NpM MOCTOAHHOM TEIUIOBOM IIOTOKE 4Yepe3 IOBe-
pxHocts, OKasalock, 4YTO JJifA paccCMaTpUBaeMHX uncex [IpauATiaa npu ogMHAKOBOK
BeJIMYMHE TEIJIOBOro IIOTOKA TEMIIEPATypa MOBEPXHOCTH LUJIMHPA HUKE, YeM Ha INIOCKOH

IIJIACTHHE.



